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EQUIVARIANT BENJAMINI-SCHRAMM CONVERGENCE OF
SIMPLICIAL COMPLEXES AND ℓ2-MULTIPLICITIES
STEFFEN KIONKE AND MICHAEL SCHRO¨DL-BAUMANN
Abstract. We define a variant of Benjamini-Schramm convergence for finite
simplicial complexes with the action of a fixed finite group G which leads to the
notion of random rooted simplicial G-complexes. For every random rooted sim-
plicial G-complex we define a corresponding ℓ2-homology and the ℓ2-multiplicity
of an irreducible representation of G in the homology. The ℓ2-multiplicities gen-
eralize the ℓ2-Betti numbers and we show that they are continuous on the space
of sofic random rooted simplicial G-complexes. In addition, we study induction
of random rooted complexes and discuss the effect on ℓ2-multiplicities.
1. Introduction
Benjamini and Schramm [3] introduced the concept of random rooted graphs
as probability measures on the space of connected rooted graphs. This allowed
them to define convergence – today known as Benjamini-Schramm convergence –
of sequences of finite graphs and to study the corresponding limit random rooted
graphs. It was realized by Aldous and Lyons [2] that Benjamini-Schramm limits of
finite graphs share a useful mass-transport property, called unimodularity, which,
when added to the definition of random rooted graphs, allows to extend several
results from quasi-transitive graphs to this setting. These two insights provide the
basis of a large number subsequent developments.
The basic idea of Benjamini-Schramm convergence is not specific to graphs
and was, in particular, generalized to simplicial complexes in the work of Elek
[8], Bowen [5] and one of the authors [13]. The central result of [13] (extending
similar results in [8, 5]) is that suitably defined ℓ2-Betti numbers of random rooted
simplicial complexes are Benjamini-Schramm continuous (on the space of sofic
random rooted complexes). For graphs a stronger result was proven in [1]. Here we
introduce an equivariant Benjamini-Schramm convergence for simplicial complexes
with the action of a fixed finite group; to our knowledge this is a new concept
even for graphs. Then we define refinements of ℓ2-Betti numbers, namely ℓ2-
multiplicities, and prove a corresponding continuity result.
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Statement of main results. We fix a finite group G and consider the space
SCD∗ (G) of isomorphism classes of rooted simplicial G-complexes of vertex degree
at most D. Here a rooted simplicial G-complex (K, o) consists of a simplical
complex with an action of G and a distinguished G-orbit o of vertices in K which
touches every connected component of G. A random rooted simplicial G-complex
µ is a unimodular probability measure on SCD∗ (G); for details we refer to Section 2.
For instance, picking a root uniformly at random in a finite simplicial G-complex
defines a random rooted G-complex. Limits of laws of finite simplicial G-complexes
are called sofic; see Definition 2.4.
Let K be a finite simplical G-complex. The group G acts on K and thus acts on
the homology groups Hn(K,C), i.e., we have a finite dimensional representation
of G on Hn(K,C). This representation decomposes as a direct sum of irreducible
representations of G and every irreducible representation ρ ∈ Irr(G) occurs a fi-
nite number, say m(ρ,Hn(K,C)), of times in this decomposition. The number
m(ρ,Hn(K,C)) is called the multiplicity of ρ in Hn(K,C). Drawing from this, we
define ℓ2-multiplicities in Section 4; these are nonnegative real numbers m
(2)
n (ρ, µ)
for every random rooted simplicial G-complex µ and every irreducible representa-
tion ρ ∈ Irr(G). In fact, if µK is the law of a finite G-complex, then
m(2)n (ρ, µK) =
m(ρ,Hn(K,C))
|K(0)| ;
see Example 4.7. Our main result is the following approximation theorem.
Theorem 1.1. Let (µk)k∈N be a sequence of random rooted simplicial G-complexes.
If every µk is sofic and the sequence converges weakly to µ∞, then
lim
k→∞
m(2)n (ρ, µk) = m
(2)
n (ρ, µ∞)
for every n ∈ N0 and every irreducible representation ρ of G.
Along the way (in Section 3) we investigate induced G-complexes. Given a
subgroup H ≤ G and a simplicial H-complex L, it is natural to construct a sim-
plicial G-complex K = G×H L by inducing the action from H to G. This can be
promoted to an operation indGH which takes random rooted H-complexes to ran-
dom rooted G-complexes. We provide a criterion to decide whether a sequence of
finite G-complexes converges to an induced random rooted G-complex; see Propo-
sition 3.3. This is relevant, since the ℓ2-multiplicities of the induced random rooted
complex indGH(µ) can be computed from the ℓ
2-multiplicities of µ (provided µ is
sofic). As a special case, for H = {1}, we have the following result.
Theorem 1.2. Let µ be a sofic random rooted simplicial complex and let G be a
finite group. For all ρ ∈ Irr(G) and n ∈ N0 the following identity holds:
m(2)n (ρ, ind
G
1 (µ)) =
dimC(ρ)
|G| b
(2)
n (µ).
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In the topological setting L2-multiplicities of CW-complexes have been defined
and studied in [10]. Our results are mainly complementary to the results therein.
However, for towers of finite sheeted covering spaces of simplicial complexes our
results provide a different approach to [10, Theorem 1.2]. In this setting, we think
that our investigation of induced complexes is useful. Combining Theorem 1.2
with Proposition 3.6 provides a new perspective on the centralizer condition which
remained a bit obscure in [10, Proposition 5.5].
2. Random rooted simplicial G-complexes
We will use the language of simplicial complexes as introduced in many standard
texts; for instance [14]. The n-skeleton of a simplicial complex K is denoted by
K(n). The number of 1-simplices containing a vertex x ∈ K(0) is called the degree
of x. The supremum over the degrees of all vertices of K will be called the vertex
degree of K. To avoid some technical issues we will consider simplicial complexes
whose vertex degree is bounded above by some large constant D > 0. For a
simplicial complex K, a non-empty set of vertices V ⊆ K(0) and r > 0 we define
Br(K, V ) to be the full subcomplex on the set of vertices of path distance at most
r from a vertex in V .
We fix a finite group G. A rooted simplicial G-complex is a pair (K, o) consisting
of a simplicial complex K with G-action and a G-orbit o of vertices of K such
that every connected component of K contains at least one vertex in o. Two
rooted simplicial G-complexes (K, o), (L, o′) are isomorphic if there is a simplicial
isomorphism f : K → L such that f(o) = o′ and g · f(x) = f(g · x) for all x ∈ K(0)
and g ∈ G; in this case we write (K, o) G∼= (L, o′).
We denote by SCD∗ (G) the space of isomorphism classes of rooted simplicial G-
complexes with vertex degree bounded by D. The following defines a metric on
SCD∗ (G):
d([K, o], [L, o′]) = inf
{
1
2r
∣∣∣∣ Br(K, o) G∼= Br(L, o′)
}
for [K, o], [L, o′] ∈ SCD∗ (G) Note that subcomplexes of the form Br(K, o) are stable
under the G-action. With the induced topology SCD∗ (G) is a compact totally
disconnected space. For every finite rooted simplicial G-complex α of radius at
most r, we obtain an open subset U(α, r) ⊆ SCD∗ (G) consisting of all isomorphism
classes of rooted simplicial G-complexes [K, o] such that Br(K, o)
G∼= α. The sets
U(α, r) are open and compact and provide a basis for the topology.
Given two rooted simplicial G-complexes (K, o) and (L, o′), such that o and o′
are not isomorphic as G-sets, then d([K, o], [L, o′]) = ∞. Let Orb(G) denote the
finite set of isomorphism classes of transitive G-sets. The space SCD∗ (G) splits into
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a disjoint union
SCD∗ (G) =
⊔
X∈Orb(G)
SCD∗ (G,X),
where SCD∗ (G,X) is the subspace of all [K, o] where o belongs to X .
In the same manner we define the space SCD∗∗(G) of isomorphism classes of dou-
bly rooted simplicial G-complexes (K, o, o′) consisting of a simplicial G-complex
K and two orbits o and o′ of vertices which touch every connected component.
Definition 2.1. A random rooted simplicial G-complex is a unimodular probabil-
ity measure µ on SCD∗ (G), where unimodular means∫
SCD
∗
(G)
∑
x∈K(0)
f([K, o,Gx])dµ([K, o]) =
∫
SCD
∗
(G)
∑
x∈K(0)
f([K,Gx, o])dµ([K, o])
for all Borel measurable functions f : SCD∗∗(G)→ R≥0.
Remark 2.2. A weak limit of random rooted simplicial G-complexes is again a
random rooted simplicial G-complex. This can be deduced by observing that a
probability measure µ on SCD∗ (G) is unimodular if and only if for all n ∈ N and
all continuous functions f : SCD∗∗(G)→ R the equality∫
SCD
∗
(G)
∑
x∈K(0)
d(x,o)≤n
f([K, o,Gx])dµ([K, o]) =
∫
SCD
∗
(G)
∑
x∈K(0)
d(x,o)≤n
f([K,Gx, o])dµ([K, o])
holds, where the sum now runs over the vertices of path distance at most n from
the root orbit. This can be verified using the theorem of monotone convergence
and the monotone class theorem.
Example 2.3. Let K be a finite simplicial G-complex. Then there is a unique ran-
dom rooted simplicial G-complex which is fully supported on isomorphism classes
of the form [K, o]; it is given by
µGK :=
∑
x∈K(0)
δ[K,Gx]
|K(0)| ,
where δ[K,Gx] denotes the Dirac measure of the point [K,Gx]. That µ
G
K is a prob-
ability measure is obvious, we only have to verify that it is unimodular:∫
SCD
∗
(G)
∑
x∈L(0)
f([L, o,Gx])dµGK([L, o]) =
∑
y∈K(0)
1
|K(0)|
∑
x∈K(0)
f([K,Gy,Gx])
=
∑
x∈K(0)
1
|K(0)|
∑
y∈K(0)
f([K,Gy,Gx])
=
∫
SCD
∗
(G)
∑
y∈L(0)
f([L,Gy, o])dµGK([L, o]).
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Definition 2.4. A sequence (Kn)n of finite simplicial G-complexes (of vertex de-
gree bounded by D) converges Benjamini-Schramm if the weak limit limn→∞ µGKn
exist. A random rooted simplicial G-complex on SCD∗ (G) which is the Benjamini-
Schramm limit of a sequence of finite simplicial G-complexes is called sofic.
3. Induction of simplicial complexes
Let G be a finite group and let H ≤ G be a subgroup. Given an H-set Y one
can construct the induced G-set G×H Y . The set
G×H Y = (G× Y )/ ∼
is obtained by forming the quotient of G×Y under the equivalence relation (g, y) ∼
(gh, h−1 · y) for all g ∈ G, y ∈ Y and h ∈ H . We write ⌊g, y⌋ to denote the
equivalence class of (g, y). Clearly g2 · ⌊g1, y⌋ = ⌊g2g1, y⌋ defines an action of G on
G×H Y .
A simplicial H-complex K gives rise to a simplicial G-complex G ×H K by
induction. The vertices of G ×H K are the elements of G ×H K(0). For every
simplex σ ⊆ K(0) of K and every g ∈ G we define a simplex σg = {⌊g, x⌋ | x ∈ σ}
of G×H K. As a simiplicial complex (without G-action) G×H K is isomorphic to
a disjoint union of |G/H| copies of K. In particular, induction does not alter the
vertex degree.
Lemma 3.1. The function indGH : SCD∗ (H)→ SCD∗ (G) which maps [K, o] to [G×H
K,G⌊1, o⌋] is continuous. In particular, the push-forward of measures with indGH
is weakly continuous.
Proof. We observe that the ball of radius r in G×HK around G⌊1, o⌋ is isomorphic
to G×H Br(K, o). This implies that
d
(
indGH([K, o]), ind
G
H([L, o
′])
) ≤ d([K, o], [L, o′])
and proves the assertion. 
We use this to define induction of random rooted simplicial complexes.
Lemma 3.2. Let µ be a random rooted simplicial H-complex. The push-forward
measure indGH(µ) is a random rooted simplicial G-complex.
Proof. The push-forward preserves the total mass, so indGH(µ) is a probability
measure. It remains to verify unimodularity. Recall the general transformation
rule [4, §6] ∫
SCD
∗
(G)
t(z)d indGH(µ)(z) =
∫
SCD
∗
(H)
t(indGH(w))dµ(w)
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for all measurable nonnegative functions t on SCD∗ (G). We obtain for all measur-
able f : SCD∗∗(G)→ R≥0∫
SCD
∗
(G)
∑
x∈L(0)
f(L, o,Gx)d indGH(µ)([L, o])
(1)
=
∫
SCD
∗
(H)
∑
x∈G×HK(0)
f(G×H K,Go,Gx)dµ([K, o])
=
∫
SCD
∗
(H)
|G/H|
∑
y∈K(0)
f(G×H K,Go,G⌊1, y⌋)dµ([K, o])
(2)
=
∫
SCD
∗
(H)
|G/H|
∑
y∈K(0)
f(G×H K,G⌊1, y⌋, Go)dµ([K, o])
(3)
=
∫
SCD
∗
(G)
∑
x∈L(0)
f(L,Gx, o)d indGH(µ)([L, o])
where we use the transformation rule in steps (1) and (3), and the unimodularity
of µ in step (2). 
The following criterion is useful to show that a sequence of finite simplicial
G-complexes converges to an induced random rooted simplicial G-complex.
Proposition 3.3. Let (Kn)n be a sequence of finite simplicial G-complexes with
vertex degree bounded by D. Assume that the sequence of random rooted simplical
H-complexes (µHKn)n converges to a random rooted simplicial H-complex µ∞ for
some subgroup H ≤ G. Then (µGKn)n converges to indGH(µ∞) on SCD∗ (G) if and
only if
(3.1) lim
n→∞
|E(Kn, g, C)|
|K(0)n |
= 0
for all C > 0 and all g ∈ G \H where E(K, g, C) = {x ∈ K(0) | d(x, gx) ≤ C}.
Proof. Define E(K,C) =
⋃
g∈G\H E(K, g, C).
Assume that equation (3.1) holds for all g ∈ G \H and all C > 0. Let r > 0 be
given. We want to verify that for all x ∈ K(0)n \ E(Kn, 2r + 1) the ball of radius
r around Gx in Kn is isomorphic to G×H Br(Kn, Hx). This amounts to showing
that
Br(Kn, Hx) ∩ gBr(Kn, Hx) = ∅
for all g ∈ G \ H and that there is no edge between these two sets. Suppose
that there is an element in the intersection or an edge between Br(Kn, Hx) and
gBr(Kn, Hx). In both cases we can find h, h
′ ∈ H such that d(hx, gh′x) ≤ 2r + 1.
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However this implies x ∈ E(Kn, 2r+1) since d(x, h−1gh′x) ≤ 2r+1 and h−1gh′ 6∈
H .
Let α be a rooted simplicial G-complex of radius at most r. Let ε > 0 and
take n sufficiently large such that |E(Kn, 2r + 1)| < |K(0)n |ε. The inverse image
V = (indGH)
−1(U(α, r)) ⊆ SCD∗ (H) is a finite (possibly empty) union of sets of the
form U(α′, r); thus it is open and compact. The weak convergence µHKn
w−→ µ∞
shows that for all sufficiently large n the inequality |µ∞(V )− µHKn(V )| < ε holds.
Moreover, by the observation above∣∣µGKn(U(α, r))− µHKn(V )∣∣ ≤ |E(Kn, 2r + 1)||K(0)n | < ε.
As α was arbitrary, we deduce the convergence µGKn
w−→ indGH(µ∞).
Conversely, suppose that the sequence (µGKn)n converges to ind
G
H(µ∞). Let g ∈
G \ H , C > 0 and x ∈ E(Kn, g, C). The ball BC(Kn, Hx) contains a path from
x to gx and hence it is not isomorphic to a simplicial complex induced from H .
By assumption the limit limn→∞ µGKn is supported on induced complexes and thus
(3.1) is satisfied. 
Example 3.4 (Sierpinski’s triangle with rotation). We describe a sequence (Tn)n
of two-dimensional simplicial complexes which occur in the construction of the
fractal Sierpinski triangle. It appeared to us that the example becomes clearer
if we describe the geometric realizations of the Tn as subsets of R
2 instead of
working with the abstract simplicial complexes. Let e1 = (1, 0) ∈ R2 and let
e2 =
1
2
(1,
√
3) ∈ R2. The points 0, e1 and e2 are the vertices of an equilateral
triangle T0 with sides of length 1; we consider T0 to be a 2-simplex. We define
inductively
Tn+1 = Tn ∪ (Tn + 2ne1) ∪ (Tn + 2ne2).
T0 T1 T2
By induction it is easy to verify that Tn is a simplicial complex with
3n+1+3
2
vertices, 3n+1 edges and 3n 2-simplices. The vertex degree of Tn is 4 for all n ≥ 1.
The three vertices of degree 2 will be called the corners of Tn. The distance
between two corners of Tn is 2
n.
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Claim: The sequence (Tn)n converges Benjamini-Schramm to a random rooted
simplicial complex τS.
Let r > 0 and let α be a finite rooted simplicial complex of radius at most r.
Take m so large that 2m−1 > r. Then any r-ball in Tm contains at most one of
the three corners of Tm. Let N(k, α) denote the number of vertices v in Tm+k such
that the ball of radius r around v is isomorphic to α. We observe that
N(k + 1, α) = 3N(k, α) + cα
for all k ≥ 0 for some constant cα ∈ Z. Indeed, r-balls around vertices of distance
at least r from one of the corners in Tm+k occur exactly 3-times in Tm+k+1. In the
small set of vertices which lie close to a corner of Tm+k, we always see two copies
of Tm being glued at a corner. Which shows that the effect of this operation does
not depend on k; compare Figure 3.4.
Tm
Tm
Tm
Tm
Tm
Tm+k
Figure 1. Small balls touch at most two copies of Tm
Now it follows from a short calculation that
(
|N(k,α)|
|T (0)
m+k|
)
k
is a Cauchy sequence.
Since r and α were arbitrary, we conclude that the sequence (Tn)n converges in
the sense of Benjamini-Schramm.
Now we introduce an action of the finite cyclic group G = 〈σ〉 of order 3. We
let σ act by rotation of 2π/3 around the barycenter cn = 2
n−1(1,
√
3
−1
) of Tn. All
vertices of Tn have Euclidean distance at least
2n−2√
3
from the barycenter. Thus
every vertex is moved by an Euclidean distance of at least 2n−2 under the non-
trivial rotations σ and σ2, which in particular also holds for the path distance
in Tn. Proposition 3.3 implies that the sequence (Tn)n of simplicial G-complexes
converges to the induced random rooted simplicial G-complex indG1 (τS). Roughly
speaking, the sequence converges to three copies of the Sierpinski triangle which
are permuted cyclically by G.
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3.1. Towers of finite sheeted covering spaces. In this section we discuss a
prominent family of examples of Benjamini-Schramm convergent sequences: towers
of finite sheeted covering spaces.
Let Γ be a group and let K be simplicial complex of vertex degree at most
D. Assume that Γ acts simplicially on K, this means that an element γ ∈ Γ
stabilizes a simplex of K if and only if it stabilizes all of its vertices. Recall that
this condition can always be achieved by passing to the barycentric subdivision of
K. We assume further that the action is proper and cocompact, i.e., every vertex
has a finite stabilizer and there are only finitely many orbits of vertices.
Let G ≤ Γ be a finite subgroup. For every normal subgroup N E Γ the quotient
simplicial complex K/N carries a G-action. Suppose that Γ is residually finite
and let (Nn)n∈N be a descending chain of finite index normal subgroups of Γ with⋂
n∈NNn = {1}. It is well-known (cf. [13, Example 19]) that the sequence (K/Nn)n
of finite simplicial complexes (without G-action) converges to the random rooted
simplicial complex
1
w(Γ)
∑
x∈F
| StΓ(x)|−1δ[K,x]
where F is a fundamental domain for the action of Γ on K(0) and w(Γ) =∑
x∈F | StΓ(x)|−1. This measure does not depend on the choice of the fundamental
domain. The purpose of this section is to describe the limit taking the G-action
into account.
We say that an element γ ∈ Γ is FC if it has a finite conjugacy class, i.e.,
|Γ : CΓ(γ)| < ∞, where CΓ(γ) is the centralizer of γ. Consider the subgroup
H = {g ∈ G | g is FC in Γ} ≤ G of FC-elements which lie in G. Let Γ0 ≤f.i. Γ be
a finite index subgroup which satisfies
Γ0 ⊆
⋂
h∈H
CΓ(h).
Lemma 3.5. Let F0 ⊆ K(0) be a fundamental domain for the action of Γ0 on
K(0). The measure
µHK =
1
w(Γ0)
∑
x∈F0
| StΓ0(x)|−1δ[K,Hx]
on SCD∗ (H) is unimodular and does not depend on the choices of Γ0 and F0.
Proof. Observe that any element γ ∈ Γ0 commutes with all h ∈ H and thus defines
an isomorphism between (K,Hx) and (K,Hγx) as simplicial H-complexes. This
shows that the measure is independent of the fundamental domain.
In order to verify that µHK does not depend on Γ0, it is sufficient to show that
we can replace Γ0 by some finite index normal subgroup Γ1 Ef.i. Γ0. Let F1 be a
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fundamental domain for Γ1. We obtain∑
x∈F1
| StΓ1(x)|−1δ[K,Hx] =
∑
y∈F0
| StΓ0(y)|−1
∑
γ∈Γ0
γy∈F1
| StΓ1(γy)|−1δ[K,Hγy]
=
∑
y∈F0
| StΓ0(y)|−1δ[K,Hy]
∑
γ∈Γ0
γy∈F1
| StΓ1(y)|−1 = |Γ0 : Γ1|
∑
y∈F0
| StΓ0(y)|−1δ[K,Hy]
and, from a similar calculation, also w(Γ1) = |Γ0 : Γ1|w(Γ0).
It remains to show that µHK is unimodular. Let f : SCD∗∗(H) → R≥0 be a mea-
surable function. Unimodularity follows from a short calculation.∫
SCD
∗
(H)
∑
y∈L(0)
f(L, o,Hy)dµHK([L, o])
=
1
w(Γ0)
∑
x∈F0
| StΓ0(x)|−1
∑
y∈K(0)
f(K,Hx,Hy)
=
1
w(Γ0)
∑
x∈F0
| StΓ0(x)|−1
∑
y∈F0
∑
γ∈Γ0
| StΓ0(y)|−1f(K,Hx,Hγy)
=
1
w(Γ0)
∑
x,y∈F0
| StΓ0(x)|−1| StΓ0(y)|−1
∑
γ∈Γ0
f(K,Hγ−1x,Hy)
= · · · =
∫
SCD
∗
(H)
∑
x∈L(0)
f(L,Hx, o)dµHK([L, o]) 
Proposition 3.6. Let G ≤ Γ be a finite subgroup and let H ≤ G be the subgroup
of FC-elements for Γ. Let (Nn)n be a descending chain of finite index normal
subgroups in Γ with
⋂
n∈NNn = {1}. The sequence of simplicial G-complexes
(K/Nn)n converges to the random rooted simplicial complex µ
G
K := ind
G
H(µ
H
K).
Proof. The proof consists of two steps. First we show that (K/Nn)n converges as
a sequence of H-complexes to µHK (Claims 1 and 2) and in the second step (Claim
3) we apply Proposition 3.3.
Claim 1: Let r > 0 be fixed. For all sufficiently large n and all x ∈ K(0), the
r-ball Br(K,Hx) in K and the r-ball Br(K/Nn, HNnx) in K/Nn are isomorphic
as H-complexes.
Let Γ0 ≤ Γ be as above and let F0 be a fundamental domain for Γ0 acting on
K(0). The action is proper, the sets F0 and H are finite and the vertex degree of
K is bounded, hence the set S of elements γ ∈ Γ such that
(3.2) Br+1(K,Hx0) ∩ γBr+1(K,Hx0) 6= ∅
for some x0 ∈ F0 is finite.
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Take n ∈ N so large that S ∩ Nn = {1}. Then for all x0 ∈ K(0) and γ ∈ Nn
property (3.2) implies that γ = 1. Indeed, find γ0 ∈ Γ0 with γ0x0 ∈ F0 then
multiplication with γ0 yields Br+1(K,Hγ0x0) ∩ γ0γγ−10 Br+1(K,Hγ0x0) 6= ∅. We
deduce γ0γγ
−1
0 ∈ S∩Nn = {1}. In particular, the quotient map takes the vertices of
the r-ball Br(K,Hx) injectively to the r-ball Br(K/Nn, HNnx). We have to verify
that every simplex in Br(K/Nn, HNnx) lifts to a unique simplex in Br(K,Hx).
Let σ be a simplex in Br(K/Nn, HNnx) and let σ˜ be a lift in K such that at least
one vertex lies in Br(K,Hx). As a consequence σ˜ is a simplex in Br+1(K,Hx).
Let y be any vertex of σ˜. There is an element k ∈ Nn such that d(ky,Hx) ≤ r.
This means that Br+1(K,Hx) ∩ kBr+1(K,Hx) 6= ∅ and shows that k = 1. In
particular, the simplex σ˜ lives in Br(K,Hx).
Claim 2: The sequence µHK/Nn converges to µ
H
K .
Let r > 0 and let α be a rooted simplicial H-complex of radius at most r. Let
n ∈ N sufficiently large such that Nn acts freely on K and so that Claim 1 applies.
In addition, we may take Γ0 ≤ Nn; the action of Γ0 is also free. Now every point
in K/Nn is covered by exactly |Nn : Γ0| points in F0 and we deduce
µHK(U(α, r)) =
|{x ∈ F0 | Br(K,Hx)
H∼= α}|
|F0|
=
|{x ∈ K(0)/Nn | Br(K,HNnx)
H∼= α}|
|K(0)/Nn| = µ
H
K/Nn(U(α, r))
Claim 3: (3.1) holds for all C > 0 and all g ∈ G \H .
Let i ∈ N be chosen so that Ni acts freely on K and let F be a fundamental
domain for the action of Ni on K
(0). Let Z ⊆ Γ be the finite set of elements γ ∈ Γ
such that d(γx, x) ≤ C for some x ∈ F . For n ≥ i the vertices of K/Nn correspond
bijectively to Ni/Nn × F .
Take x ∈ K(0) and write x¯ = Nnx ∈ K(0)/Nn. Suppose that x¯ ∈ E(K/Nn, g, C);
i.e., there is γn ∈ Nn with d(gx, γnx) ≤ C. There is a unique x0 ∈ F and an
element γi ∈ Ni satisfying x = γix0. This shows that d(γ−1i γ−1n gγix0, x0) ≤ C and
so γ−1i gγi ∈ ZNn. How many elements has the finite set en(g, Z) = {k ∈ Ni/Nn |
k−1gk ∈ ZNn/Nn}? Clearly, its cardinality is bounded above by |Z|·|CNi/Nn(gNn)|.
The element g ∈ G has an infinite conjugacy class in Γ and thus
lim
n→∞
|CΓ/Nn(gNn)|
|Γ : Nn| = 0;
see the proof of [10, Lemma 4.12]. We deduce that
lim
n→∞
|E(K/Nn, g, C)|
|K(0)/Nn| ≤ limn→∞
|en(g, Z)|
|K(0)/Nn| ≤ limn→∞
|Z| · |CΓ/Nn(gNn)|
|Ni : Nn||K(0)/Ni| = 0.
This proves the last claim and Proposition 3.3 completes the proof. 
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4. Homology and ℓ2-multiplicities of random rooted complexes
4.1. The homology of a random rooted complex. In order to define ℓ2-
multiplicities we introduce the ℓ2-homology of random rooted simplicialG-complexes.
To this end, we will construct a chain complex for each probability measure on
SCD∗ (G). We begin with a technical ingredient which allows us to pick a representa-
tive for each isomorphism class [K, o] ∈ SCD∗ (G) of rooted simplicial G-complexes
in a measurable way.
Let
NG =
⊔
X∈Orb(G)
N0 ×X
and let ∆D(NG) be the simplicial G-complex consisting of all finite nonempty
subsets of NG with at most D + 1 elements. The action of G is defined via the
second coordinate. Every subcomplex S of ∆D(NG) can be encoded by an element
fS ∈ {0, 1}∆D(NG) such that fS(σ) = 1 exactly if the simplex σ is contained in
the subcomplex S. We endow {0, 1}∆D(NG) with the product topology, i.e., the
topology generated by all cylinder sets. Let Sub(∆D(NG)) ⊆ {0, 1}∆D(NG) be
the subset which consists of elements encoding G-invariant subcomplexes which
contain a unique orbit of the form {0} ×X ; this is a closed subspace.
Lemma 4.1. There is a continuous map Ψ: SCD∗ (G) → Sub(∆D(NG)) such that
(Ψ([K, o]), {0} ×X) is a representative of [K, o] for all [K, o] ∈ SCD∗ (G).
Proof. We only sketch the proof; a detailed treatment of the nonequivariant case
can be found in [13, Lemma 1].
We enumerate NG, the set of vertices of ∆
D(NG), in the following way. First
we enumerate the (isomorphism classes of) G-sets X1, . . . , Xk ∈ Orb(G) and for
every i we order the elements of Xi = {xi,1, ..., xi,mi}. Finally, we enumerate NG
diagonally:
(0, x1,1), ..., (0, x1,m1), (0, x2,1), ...., (0, xk,mk), (1, x1,1), ... .
Once the set of vertices is ordered, a diagonal enumeration provides an order on
the set of all simplices of ∆D(NG). The lexicographic order on {0, 1}∆D(NG), given
by a ≺ b if there is a simplex σ0 such that a(σ) = b(σ) for all σ < σ0 and a(σ0) = 1
but b(σ0) = 0, defines an order on the subcomplexes of ∆
D(NG). We define Ψ to
map an isomorphism class [K, o] ∈ SCD∗ (G) to the ≺-minimal subcomplex Λ of
∆D(NG) such that (Λ, {0} × Xi) ∈ [K, o], where Xi is the G-set in Orb(G) with
Xi ∼= o, and such that the elements of {0} × Xi are the only vertices of Λ with
first coordinate 0. For a finite simplicial G-complex the existence of the minimal
subcomplex of ∆D(NG) follows from the well-ordering principle. In the situation
of an infinite simplicial G-complex [K, o] it is a direct consequence of the fact that
Br(Ψ([Br+1(K, o)])) = Ψ([Br(K, o)]).
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The preimage of a cylinder set under Ψ is a countable union of open sets U(α, r)
in SCD∗ (G) and therefore open, hence Ψ is continuous. 
For any simplicial complex L, we write C
(2)
n (L) to denote the complex Hilbert
space of square-summable oriented n-chains of L. The map Ψ from the preceding
lemma gives rise to a field of Hilbert spaces [K, o] → C(2)n (Ψ([K, o])) on SCD∗ (G)
for each n ∈ N. In addition, every oriented n-simplex s of ∆D(NG) yields a
characteristic vector field ξs defined as
ξs([K, o]) =
{
s if s belongs to Ψ([K, o])
0 otherwise.
We observe that, since Ψ is continuous, the function [K, o] 7→ 〈δs([K, o]), δs′([K, o])〉
is continuous for all oriented simplices s and s′; the ξs form a fundamental sequence
for a measurable field of Hilbert spaces ; see [6, Prop. 4]. A vector field σ : [K, o] 7→
σ([K, o]) ∈ C(2)n (Ψ([K, o])) is called measurable, if
[K, o] 7→ 〈σ([K, o]), ξs([K, o])〉
is measurable for every oriented n-simplex s of ∆D(NG). Let µ be a random rooted
simplicial G-complex. The measurable vector fields σ with the property
‖σ‖2 :=
∫
SCD
∗
(G)
‖σ([K, o])‖2dµ <∞
form a pre-Hilbert space using the inner product
〈σ, σ′〉 =
∫
SCD
∗
(G)
〈σ([K, o]), σ′([K, o])〉dµ.
By factoring out the subspace of vector fields which vanish almost everywhere, we
obtain a Hilbert space: the associated direct integral;
C(2)n (SCD∗ (G), µ) :=
∫ ⊕
SCD
∗
(G)
C(2)n (Ψ([K, o]))dµ,
for details see [6, p. 168]. The differentials ∂n,[K,o] and their adjoints d
n
[K,o] of the
fibres C
(2)
n (Ψ([K, o]) define bounded operators (compare to [13])
∂n : C
(2)
n (SCD∗ (G), µ)→ C(2)n−1(SCD∗ (G), µ),
dn : C
(2)
n−1(SCD∗ (G), µ)→ C(2)n (SCD∗ (G), µ),
which commute with the induced unitary G-action on C
(2)
n (SCD∗ (G), µ), since they
commute fibrewise and G preserves fibres. Therefore, we have for each random
rooted simplicial G-complex a chain complex C
(2)
∗ (SCD∗ (G), µ) and a Laplace op-
erator ∆n = ∂n+1 ◦ dn+1 + dn ◦ ∂n which also commutes with the G-action.
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Definition 4.2. We define the n-th simplicial ℓ2-homology of a random rooted
simplicial complex µ as the Hilbert space
H(2)n (SCD∗ (G), µ) := ker∆n
equipped with the natural unitary action of G.
We would like to have a notion of dimension for a subspace of C
(2)
n (SCD∗ (G), µ),
to this end we introduce a von Neumann algebra with a trace. A bounded linear
operator T on C
(2)
n (SCD∗ (G), µ) is decomposable, if there is an essentially bounded
measurable field of operators [K, o] 7→ T[K,o] such that T =
∫ ⊕
T[K,o]dµ([K, o]);
see [6, p. 182]. The bounded decomposable operators T on C
(2)
n (SCD∗ (G), µ) such
that for almost all [K, o] and for all isomorphisms ϕ : Ψ([K, o]) → Ψ([K, o′]) of
simplicial G-complexes the identity
〈T[K,o]σ([K, o]), σ([K, o])〉 = 〈T[K,o′]ϕ♯(σ([K, o])), ϕ♯(σ([K, o]))〉
holds, form a von Neumann algebra An(µ). In fact, to see that An(µ) is closed
in the strong operator topology one can use [6, Prop. 4, p. 183]. Of course, the
operators defined by elements of G are contained in An(µ), since we only consider
isomorphisms which commute with the G-action. Moreover, ∆n ∈ An(µ), because
∂∗ and d∗ commute with the chain map ϕ♯ : C
(2)
n (Ψ([K, o])) → C(2)n (Ψ([K, o′]))
induced by an isomorphism. For T ∈ An(µ) we define
tr(T ) =
∑
X∈Orb(G)
∑
x∈X
∑
s∈∆D(NG)(n)
(0,x)∈s
〈Tξs, ξs〉
|X|(n+ 1) ,
where ∆D(NG)(n) denotes the set of n-simplices of ∆
D(NG). Note that the formula
does not depend on the chosen orientation of s. As in the nonequivariant case one
can verify that tr(ST ) = tr(TS); see [13] after Definition 5. We obtain a normal,
faithful and finite trace on An(µ); compare to [13, Prop. 3].
Definition 4.3. Let K be a field of G-invariant subspaces of C(2)n (SCD∗ (G), µ) such
that ϕ♯K([K, o]) = K([K, o′]) for every isomorphism ϕ : Ψ([K, o]) → Ψ([K, o′]).
Then the projection prK : [K, o] 7→ prK([K,o]) is an element of An(µ) and we define
the von Neumann dimension of K as
dimvN(K) = tr(prK).
Example 4.4. Let L be a finite simplicial G-complex and µGL the associated ran-
dom rooted simplicial G-complex from Example 2.3. Let K be a field of G-invariant
subspaces of C
(2)
n (SCD∗ (G), µGL) as in Definition 4.3. Given an orbit o ⊆ L(0) and
an isomorphism η : L→ Ψ([L, o]) we define K(L) = η−1(K([L, o])) ⊆ C(2)n (L); this
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subspace does not depend on o and η. We compute the dimension:
dimvN(K) = tr(prK) =
∑
X∈Orb(G)
∑
x∈X
∑
s∈∆D(NG)(n)
(0,x)∈s
∫
SCD
∗
(G)
〈prK ξs, ξs〉
|X|(n+ 1)dµ
G
L
=
1
|L(0)|
∑
y∈L(0)
∑
x∈Gy
∑
s∈L(n)
x∈s
〈prK(L) s, s〉
|Gy|(n+ 1)
=
1
|L(0)|
∑
s∈L(n)
∑
x∈s
〈prK(L) s, s〉
(n+ 1)
=
dimCK(L)
|L(0)|
4.2. Approximation of ℓ2-multiplicities. In order to fix our notation we recall
some facts from the representation theory of finite groups. Let G be a finite group
and let (ρ, V ) ∈ Irr(G) be an irreducible representation of G on the complex vector
space V . Usually we will not mention the underlying vector space and simply speak
of the representation ρ. Every irreducible representation is finite dimensional and
is uniquely determined by its character χρ : G→ C which maps g ∈ G to the trace
of ρ(g). In particular, χρ(1) is the dimension of the underlying space V .
Let (σ,W ) be any finite dimensional complex representation of G, then W can
be decomposed into isotypic components
W =
⊕
ρ∈Irr(G)
Wρ
where each Wρ is (noncanonically) isomorphic to a direct sum of copies of ρ, i.e.,
Wρ ∼= ρm(ρ,σ) where the number m(ρ, σ) of copies is called the multiplicity of ρ
in σ.
The irreducible representations correspond bijectively to the central idempotents
in the group ring C[G]. The central idempotent corresponding to ρ is
Pρ =
χρ(1)
|G|
∑
g∈G
χρ(g)g ∈ C[G];
see [9, (2.12)]. The element Pρ defines the orthogonal projection onto the ρ-isotypic
component in every unitary representation of G.
Definition 4.5. Let µ be a random rooted simplicial G-complex and ρ an irre-
ducible representation of G. The ℓ2-multiplicity of ρ in the homology of µ is
m(2)n (ρ, µ) =
1
χρ(1)
dimvNH
(2)
n (SCD∗ (G), µ)ρ
where H(2)(SCD∗ (G), µ)ρ denotes the ρ-isotypic component in the homology of µ.
In addition, we define the n-th ρ-Laplacian to be
(Id−Pρ) + ∆n =: ∆n,ρ,
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where ∆n is the Laplacian of C
(2)
n (SCD∗ (G), µ).
Remark 4.6. If G is the trivial group {1} and ρ is the unique irreducible represen-
tation of G, i.e., the trivial 1-dimensional representation, then m
(2)
n (ρ, µ) = b
(2)
n (µ)
is simply the n-th ℓ2-Betti number of a random rooted simplicial complex defined
in [13, Def. 6].
Example 4.7. Let K be a finite simplicial G-complex and µGK the associated
random rooted simplicial G-complex. Then it follows from Example 4.4 that
m
(2)
n (ρ, µGK) is the ordinary multiplicity of the representation ρ in Hn(K,C) di-
vided by the number of vertices, i.e.,
m(2)n (ρ, µ
G
K) =
m(ρ,Hn(K,C))
|K(0)| .
Lemma 4.8. The operator ∆n,ρ is positive self-adjoint and the operator norm
‖∆n,ρ‖ is bounded above by a constant b(n,D) which depends only on n and D.
Moreover, the kernel of ∆n,ρ is H
(2)
n (SCD∗ (G), µ)ρ.
Proof. It is easy to see that the operator ∆n,ρ is positive self-adjoint using that
∆n and Id−Pρ have these properties and commute. It is well-known (see [13,
Proposition 2]) that the operator norm of the Laplacian ∆n is bounded, since the
bound on the vertex degree yields a bound for the number of (n + 1)-simplices
which contain a given n-simplex. Now, the operator Id−Pρ is a projection and we
find ‖∆n,ρ‖ ≤ ‖∆n‖+ 1.
Observe that a vector x lies in ker(∆n,ρ) if and only if 〈∆n,ρx,∆n,ρx〉 = 0. We
note further that
〈∆n,ρx,∆n,ρx〉 = ‖(Id−Pρ)x‖2 + ‖∆nx‖2 + 2〈∆n(Id−Pρ)x, x〉
since Pρ and ∆n are self-adjoint and commute. All three summands are nonnega-
tive, since ∆n(Id−Pρ) is a positive operator. We conclude that
ker(∆n,ρ) = ker∆n ∩ ker(Id−Pρ) = ker∆n ∩ im(Pρ) = H(2)n (SCD∗ (G), µ)ρ.

Let E∆n,ρ be the unique projection valued measure obtained from the spectral
calculus for the bounded and self-adjoint operator ∆n,ρ. Then E∆n,ρ has the prop-
erty that for all bounded Borel functions f on R
f(∆n,ρ) =
∫
R
f(λ)dE∆n,ρ(λ).
Further, we define the spectral measure of ∆n,ρ as
νn,ρ(B) := tr(En,ρ(B)).
for every Borel set B. The spectral measure satisfies tr(f(∆n,ρ)) =
∫
R
f(λ)dνn,ρ
for all bounded Borel functions f on R.
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Lemma 4.9. Let (µk)k∈N be a sequence of random rooted simplicial G-complexes
which converges weakly to µ∞ and let νkn,ρ be the associated spectral measures of
the n-th ρ-Laplacians ∆n,ρ. Then (ν
k
n,ρ)k converges weakly to ν
∞
n,ρ.
Proof. For the sake of simplicity we denote νkn,ρ and ν
∞
n,ρ by ν
k and ν∞ respec-
tively. Since, by Lemma 4.8, spec(∆n,ρ) ⊆ [0, R] for some R > 0, Weierstraß
approximation implies that it is enough to check the identity
lim
k→∞
∫ R
0
f(λ)dνk =
∫ R
0
f(λ)dν∞
for all polynomials f ∈ R[x]. By linearity we can further assume that f = xr.∫ R
0
f(λ)dνk = tr(∆rn,ρ) =
∑
X∈Orb(G)
∑
x∈X
∑
s∈∆D(NG)(n)
(0,x)∈s
∫
SCD
∗
(G)
〈∆rn,ρξs, ξs〉
|X|(n+ 1) dµ
k
Let us consider ∆rn,ρ and observe that
∆rn,ρ = ((Id−Pρ) + ∆n)r =
r∑
j=0
(
r
j
)
(Id−Pρ)r−j∆jn
= ∆rn +
r−1∑
j=0
(
r
j
)
∆jn(Id−Pρ).
Let s ∈ ∆(NG)(n) with (0, x) ∈ s and x ∈ X and suppose that s ∈ Ψ([K, o]) for
a rooted isomorphism class [K, o]. Then (Id−Pρ)(s) is supported in the 1-ball of
the orbit {0} ×X , since Pρ is a linear combination of elements g ∈ G which only
act on the second coordinate. Further, ∆n(s) is a linear combination of simplices
in the 2-ball around (0, x). Therefore, 〈∆rn,ρξs, ξs〉 only depends on the 2r + 1-
neighbourhood of the orbit {0} × X . By the weak convergence of the sequence
(µk)k we obtain that
lim
k→∞
∫
U(α,2r+1)
〈∆rn,ρξs, ξs〉dµk =
∫
U(α,2r+1)
〈∆rn,ρξs, ξs〉dµ∞,
for all finite rooted simplicial G-complexes α. Now the claim follows from the fact
that SCD∗ (G) is a finite union of open sets of the form U(α, 2r + 1). 
Now we can prove Theorem 1.1. We follow the well-known strategy, going back
to Lu¨ck [11] and Schick [12], of bounding the Fuglede-Kadison determinant. Here
we have to use nonrational algebraic coefficients and the corresponding method is
inspired from [7, Section 3]; compare also [10, Lemma 3.14].
Proof of Theorem 1.1. Since all µk are sofic, it is sufficient to prove the theorem
under the assumption that the sequence µk = µ
G
Kk
is actually a sequence of finite
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simplical G-complexes. Let νkn,ρ (resp. ν
∞
n,ρ) be the spectral measure of the n-th
ρ-Laplacian of Kk (resp. of µ∞).
By Lemma 4.8 we have to show that νkn,ρ({0}) = χρ(1)m(2)n (ρ, µGKk) converges
to ν∞n,ρ({0}). In view of Lemma 4.9 it remains to show that the Fuglede-Kadison
determinant
det(νkn,ρ) = exp
∫
R>0
log(λ)dνkn,ρ
of νkn,ρ is uniformly bounded away from zero; see [10, Lemma 2.20].
Let E ⊆ C be a finite Galois extension of Q which is a splitting field for the finite
group G; see [9, (9.10)] for the existence. In particular, all irreducible characters
of G take values only in the ring of integers OE of E; see [9, (3.6)].
Fix k ∈ N. We pick a basis of C(2)n (Kk) by choosing an orientation for every
n-simplex of K = Kk. The transformation matrix Aρ of the ρ-Laplacian ∆n,ρ
on Kk with respect to this basis has entries in
1
|G|OE . The spectral measure
νkn,ρ agrees with the spectral measure of Aρ normalized by the number of vertices
|K(0)|; cf. Example 4.4. In particular, the power det(νkn,ρ)|K(0)| of the Fuglede-
Kadison determinant is just the product over all non-zero eigenvalues of Aρ, i.e.,
the lowest non-zero coefficient cρ of the characteristic polynomial of Aρ. We note
that cρ ∈ |G|−|K(n)|OE and since, by Lemma 4.8, the operator norm of ∆n,ρ is
bounded above, there is an upper bound |cρ| ≤ b|K(n)| where b depends only on n
and D.
Consider the action of the Galois group Gal(E/Q) on the irreducible represen-
tations of G; cf. [9, p.152]. If τ ∈ Gal(E/Q) be a Galois automorphism of E, then
τ(Aρ) = Aτ(ρ) and τ(cρ) = cτ(ρ). In particular, we obtain
|G|[E:Q]|K(n)|
∏
τ∈Gal(E/Q)
τ(cρ) ∈ Z \ {0}
and therefore |cρ| ≥ |G|−[E:Q]|K(n)|b−([E:Q]−1)|K(n)|. Since the vertex degree is bounded
above by D, there is a constant t > 0 only depending on n and D such that
|K(n)| ≤ t|K(0)|. We conclude that
det(νkn,ρ) = |cρ|1/|K
(0)| ≥ |G|−[E:Q]tb−([E:Q]−1)t
and this lower bound does not depend on Kk. 
Let G be a finite group and H be a subgroup. Let (σ, V ) be a finite dimensional
complex representation of H . Recall that the multiplicity of an irreducible repre-
sentation ρ ∈ Irr(G) in C[G] ⊗C[H] V is determined by the Forbenius receprocity
formula
m(ρ,C[G]⊗C[H] V ) =
∑
θ∈Irr(H)
m(θ, ρ|H) m(θ, V );
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see [9, (5.2)]. The following theorem provides a reciprocity formula for induced
sofic random rooted G-complexes. In particular, with H = {1} we obtain Theorem
1.2 stated in the introduction.
Theorem 4.10. Let µ be a random rooted simplicial H-complex. If µ is sofic,
then indGH(µ) is sofic and, moreover,
(4.1) m(2)n (ρ, ind
G
H(µ)) =
|H|
|G|
∑
θ∈Irr(H)
m(θ, ρ|H) m
(2)
n (θ, µ)
for every ρ ∈ Irr(G) and all n ∈ N0.
Proof. We write ν = indGH(µ). Since µ is sofic, we can find a sequence Kk of
finite simplicial H-complexes such that the associated random rooted simplicial
complexes µk converge weakly to µ. Continuity of induction (Lemma 3.1) implies
that the sequence indGH(µk) converges to ν. This shows that ν is sofic, since
indGH(µk) is the random rooted simplicial G-complex defined by Wk = G×H Kk.
Finally, using that Wk is a disjoint union of |G/H| copies of Kk which are
permuted by the action it follows that
Hn(Wk,C) ∼= C[G]⊗C[H] Hn(Kk,C).
In particular, Frobenius reciprocity implies that
m(ρ,Hn(Wk,C)) =
∑
θ∈Irr(H)
m(θ, ρ|H) m(θ,Hn(Kk,C)).
Based on the relation of multiplicities and ℓ2-multiplicities from Example 4.7 an
application of Theorem 1.1 completes the proof. 
Remark 4.11. It appears to us that formula (4.1) should hold without the as-
sumption of soficity. However, due to some technical problems and based on the
fact that we do not know a single example of a non-sofic random rooted simplicial
complex, we decided to restrict to the sofic case.
Example 4.12. (The ℓ2-multiplicities of Sierpinski’s triangle) We return to the
setting of Example 3.4 and we compute the ℓ2-mulitplicities of Sierpinski’s triangle
with the rotation action of the cyclic group G = 〈σ〉 of order 3. Recall that, with
this action, the Sierpinski triangle is an induced random rooted simplicial complex
indG1 (τS) where τS is the limit of a sequence of finite 2-dimensional simplicial
complexes Tn. Therefore, by Theorem 1.2 it is sufficient to compute the ℓ
2-Betti
numbers of τS.
In order to use the Approximation Theorem 1.1 for the action of the trivial group
(compare also [13]), we compute the normalized Betti numbers of every Tn. Note
that Tn is homotopy equivalent to a 1-dimensional complex, thus it is sufficient to
calculate the normalized Euler characteristic of Tn. Using the formulas given in
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Example 3.4 we find
χ(Tn)
|T (0)n |
= 1− 2 · 3
n+1
3n+1 + 3
+
2 · 3n
3n+1 + 3
n→∞−→ −1
3
.
Every Tn is connected, so b0(Tn) = 1 for all n and the normalized zeroth Betti
numbers tend to zero; i.e., b
(2)
0 (τS) = 0. We deduce that b
(2)
1 (τS) =
1
3
. Finally, we
apply Theorem 1.2 to deduce that m
(2)
1 (ρ, ind
G
1 (τS)) =
1
9
for every irreducible rep-
resentation ρ ∈ Irr(G). All ℓ2-multiplicities of Sierpinski’s triangle vanish outside
of degree 1.
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